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Abstract: Wavelet-based multilevel methods for inverse problems in imaging
are presented, and their potential in applications such as image deblurring, blind
deconvolution, and light transport acquisition is demonstrated with numerical ex-
amples.
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1. Introduction

Recently, there have been a number of multilevel methods developed for signal and image deblurring
applications [3–5]. In this work, we consider applying multilevel methods to solve linear systems of
equations Ax = b arising from inverse problems in imaging applications such as image deblurring, blind
deconvolution, and light transport acquisition. The main idea of a multilevel method is to define a
sequence of systems of equations decreasing in size,

Aixi = bi, 0≤ i≤ n,

where the superscript i denotes the i-th level we have processed. In particular, i = 0 corresponds to
the finest level, and i = n to the coarsest level. We call these systems (for i > 0) coarse-grid equations.
The restriction operator, R, and the interpolation operator, P, define the transfers from finer to coarser
grids and vice versa. The operator at each level is defined by Ai+1 = RiAiPi. Then, the solution process
consists of computing an approximate solution to the fine-scale system (pre-smoothing), computing the
residual, transferring the residual from fine to coarser grid, solving the coarse-grid correction equation
(coarse-grid correction), interpolation of corrections from the coarse grid, and computing a solution to
the updated residual equation on the finer grid (residual correction). In this work, we use the Discrete
Wavelet Transform (DWT) to provide restriction and prolongation operators between levels.

1.1. Wavelet-based Multilevel Methods

The problem Ax = b can be written in the wavelet domain as Âx̂ = b̂. In other words, if W T is the DWT
matrix, then Â =W T AW , x̂ =W T x, and b̂ =W T b. We partition the transformed problem into blocks that
separate low frequency modes from high frequency modes, obtaining[

Â11 Â12
Â21 Â22

][
x̂1
x̂2

]
=

[
b̂1

b̂2

]
, (1)

with Âi j = W T
i AWj, x̂i = W T

i x, and b̂i = W T
i b for i, j = 1,2. From here, we define our coarse problem as

Â11x̂1 = b̂1. Since the form of the coarse-grid equation is the same as the original problem, then the
same decomposition can be applied again to it. Then, the process keeps repeating, building several
levels. How the coarse-grid equation is solved at each level and whether all these components in this
framework are used, depend on the application.

2. Applications to Imaging Problems

2.1. Applications to Image Deblurring and Blind Deconvolution

These wavelet-based multilevel methods have been applied to image debluring and blind deconvolu-
tion problems where the blurring operator was assumed to have Toeplitz or block Toeplitz with Toeplitz
block (BTTB) structure [1,2]. For these cases, the Haar wavelet transform was used because it preserves
those matrix structures among levels, and this preservation can be exploited to obtain faster solvers on
each level. In particular, if the goal is to recover edges in the images, these multilevel approaches can
recover some edge information at a lesser expense than other edge-preserving traditional methods.



2.2. Applications to Light Transport Acquisition

Fig. 1: (Left) Original floodlit scene from light transport.
(Right) Floodlit scene generated from reconstructed
light transport using coarse-grid equations with only
half the measurements in the wavelet domain. Note that
most low frequency information is preserved, but the
zoomed inlets show high frequency artifacts in recon-
struction on the right.

Light transport (LT) is the representation of the
transfer of radiant energy from light sources
(usually controllable) to detectors [6]. It is useful
for techniques in image-based rendering includ-
ing relighting real and virtual scenes for com-
puter graphics and augmented/virtual reality.
We define a vector of controllable light sources
` whose value corresponds to their illumination
power, and the resulting image captured by a
camera can be written as a vector of pixels i. This
relationship is governed by i = T `, where T is
the light transport matrix of size mn× pq corre-
sponding to an image i with resolution m×n and
an illumination ` with resolution p×q. Note that
there are several issues with determining the light
transport for a given scene T , including its size.
This matrix is difficult to capture (with thousands
of projected illuminations and image captures needed), and difficult to store in memory.

The main ideas of these multilevel methods presented earlier can also be applied to the light trans-
port (LT) acquisition problem. Here we utilize the Daubechies wavelet transform to obtain coarse-grid
equations that preserve other characteristics than those preserved by using the Haar wavelet transform
for light transport. The LT problem consists of reconstructing the light transport matrix T from given k
samples of i and `. We can then formulate the problem as

min
T

k

∑
j=1
‖T `( j)− i( j)‖2

2 = min
t

k

∑
j=1
‖L( j)t− i( j)‖2

2, (2)

where each matrix L( j) verifies T `( j) = L( j)t, and t = vec(T ), the vectorized version of T obtained by
stacking its columns. By applying the Daubechies wavelet transform W T here, we could solve instead
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where T̂11 =W T
1 TW1, î( j)

i =W T
1 i( j), and ˆ̀( j)

1 =W T
1 `( j).

In Figure 1, we show the results of multilevel methods using Daubechies wavelets to compress and
acquire a low resolution light transport. Here, we only capture half the number of images as normally
needed for light transport acquisition by only solving for T11. As you can see from the figure, the result-
ing floodlit image (e.g., all light sources on) scene on the right has similar visual quality as the original
one on the left, except at zoomed in features where high frequency artifacts appear. The RMSE value
was 0.1194 for reconstruction. This shows promise that wavelet-based multilevel approaches can be
used as a way to perform efficient light transport acquisition. Future work aims to explore iterative
methods to reconstruct the light transport matrix as images are captured and streamed in as well as
adaptive illumination patterns to jointly optimize efficient LT capture and reconstruction.
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